We show that the intrinsic chiral d x 2 −y 2 ± idxy-wave superconducting pairing in doped graphene is significantly strengthened in the core region of a doubly quantized s-wave superconducting vortex produced in a graphene-superconductor hybrid structure. The chiral d-wave state is induced by proximity effect, which transfers the center-of-mass angular momentum of the s-wave vortex to the orbital angular momentum of the chiral d-wave Cooper pairs. The proximity effect is enhanced by the circular geometry of the vortex and we find a [1 + (T − Tc,J ) 2 ] −1 temperature dependence for the chiral d-wave core amplitude, where Tc,J is its intrinsic bulk transition temperature. We further propose to detect the chiral d-wave state by studying the temperature dependence of the low-energy local density of states in the vortex core, which displays a sudden radial change as function of the strength of the d-wave core state.
I. INTRODUCTION
Neutral graphene is, due to a vanishing density of states and low dimensionality, not prone to develop any symmetry breaking orders. However, several recent renormalization group studies have shown a chiral spin-singlet d x 2 −y 2 ± id xy (d ± id ′ ) state emerging from electron-electron interactions when approaching the van Hove singularity at 1/4 electron (or hole) doping.
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These results are consistent with investigations of strong interaction effects at lower doping levels. [4] [5] [6] [7] The timereversal symmetry breaking d ± id ′ combination is dictated by the six-fold symmetry of the honeycomb lattice, which makes the two d-wave pairing channels degenerate.
4,8
Experimental detection of the chiral d-wave state in graphene would require achieving very high doping levels, while still avoiding excessive impurity scattering, which suppresses superconductivity. A complementary approach would be to engineer a system where the intrinsic d ± id ′ superconducting pairing is enhanced. This would allow detection of the chiral d-wave state in graphene at lower doping levels and/or higher temperatures. One obvious candidate for enhancing the intrinsic pairing is a graphene-superconductor hybrid structure, where superconductivity is induced in graphene by proximity effect. By depositing conventional spinsinglet s-wave superconducting contacts on graphene, proximity-induced superconductivity has already been demonstrated in graphene. [9] [10] [11] Unfortunately, there is no direct coupling between an s-wave proximity-induced superconducting state and that of the intrinsic d ± id ′ pairing, due to the different orbital symmetries of the Cooper pairs. 4, 12 Depositing a high-temperature cuprate d-wave superconductor on graphene would circumvent this problem. Theoretically, d-wave contact Josephson junctions have been shown to significantly enhance the effect of the intrinsic d± id ′ -wave pairing correlations. 13 However, such systems face significant material interface problems and have not yet been realized.
The fundamental problem here with conventional swave superconductors is the zero orbital angular momentum of the Cooper pairs. By creating a superconducting vortex with ∆ = |∆|e inθ , where θ is the in-plane angular coordinate, we can, however, generate a center-ofmass angular momentumL c.m. z ∆ = n ∆. This centerof-mass angular momentum can be transferred into an orbital angular momentum in the vortex core.
14 For the chiral d ± id ′ -wave states the orbital angular momentum isL orb z ∆ = ±2 ∆. Thus, this process would require a doubly quantized n = ±2 vortex in an s-wave superconductor.
Singly quantized superconducting vortices (n = ±1) in neutral graphene have received a fair amount of attention due to the existence of two zero-energy core states, 15 although the energy levels split when going beyond a continuum model description. 16 The zero-energy core states have been argued to induce topological order in the vortex core. 17, 18 Here we instead consider n = ±2 vortices in doped graphene, and there are then, in general, no zeroenergy states. 19 Although multiquantum vortices are less stable than singly quantized versions, they have been observed in type-I superconducting thin films at high magnetic fields.
20 They can also be formed in superconductors having columnar or larger defects acting as pinning centers. 21, 22 It should therefore hopefully be experimentally feasible to generate doubly quantized vortices in a conventional s-wave superconductor in proximity-contact with a graphene sheet.
In this article we establish the existence of chiral d±id ′ -wave superconducting states inside a doubly quantized vortex in an s-wave superconducting graphene sheet. Due to a strong proximity effect the d ± id ′ -wave states survive up to temperatures of the order of the transition temperature of the proximity-induced s-wave order, even if the intrinsic bulk d±id ′ -wave transition temperature is only a very small fraction of that value. We establish the nature of this proximity effect as well as its functional temperature dependence. Furthermore, we demonstrate how the presence of the d ± id ′ -wave core alters the lowenergy local density of states in the vortex, which should be detectable by local scanning tunneling spectroscopy (STS).
II. METHOD
We use a nearest neighbor tight-binding Hamiltonian on the honeycomb lattice to model the π-band structure of graphene:
Here c † iσ creates an electron on the ith lattice site with spin σ, t is the nearest neighbor hopping amplitude, and µ is the chemical potential. For simplicity we set t = 1 and the lattice constant a = 1. We further assume a high doping level in the graphene sheet, due to the external superconductor, and set µ = 0.5 unless otherwise stated.
With the graphene sheet in close contact with a conventional spin-singlet s-wave superconductor, we model the proximity-induced superconducting state in graphene as:
By assuming a constant on-site pair potential U originating from the external superconductor, we calculate self-consistently, within the Bogoliubov-de Gennes framework, 24 the proximity-induced pairing as ∆ U (i) = −U c i↓ c i↑ . We will use the transition temperature T c,U as a measure of the strength of the proximity-induced superconducting state in the absence of any intrinsic superconducting correlations. In order to model a superconducting vortex we impose the phase rotation ∆ U = |∆ U |e inθ on the order parameter, with n = ±2 for a doubly quantized vortex. While computational demands limit the lattice size, and thus forces a relatively short superconducting coherence length with accompanied narrow vortex cores, we have checked that our main conclusions are largely independent on the strength of the proximity-induced superconducting state.
In addition to the proximity-induced superconducting state, we also assume (weak) intrinsic superconducting pairing in graphene originating from repulsive electronelectron interactions. 1, 4, 23 Since its repulsive origin favors a spin-singlet d-wave state, we model these intrinsic pairing correlations as spin-singlet nearest neighbor pairing: (3) where δ = 1, 2, 3 labels the three inequivalent nearest neighbor bonds. We solve self-consistently also for the intrinsic order parameter ∆ Jδ (i) = −J c i↓ c i+δ↑ −c i↑ c i+δ↓ , using J as a parameterization of the strength of the intrinsic pairing. We do not assume any relationships between the three different components of ∆ Jδ in each unit cell and thus there are three different symmetry solutions. The favored bulk solution of H 0 +H J with transition temperature T c,J is ∆ J,d ; a two-fold degenerate state with chiral d ± id ′ symmetry in the Brillouin zone. 4 Note that the appearance of chiral d±id ′ -wave symmetry is dictated by the symmetry of the honeycomb lattice, where the six-fold lattice symmetry forces the two four-fold d x 2 −y 2 -and d xy -wave solutions to become degenerate. The third bulk solution to H 0 + H J is ∆ J,s ; an extended s-wave solution with equal order parameters on all three nearest neighbor bonds. 4 In the bulk, this solution only appears subdominantly or at very strong pairing J. However, in the presence of an external s-wave superconductor H U , there is a very strong proximity coupling between the two s-wave states, 4, 12 such that the extended s-wave state can exist up to temperatures comparable to T c,U even if its intrinsic transition temperature is much lower, see Fig. 2 (c). Thus, for the full system H = H 0 + H U + H J , we always have both finite ∆ U and ∆ J,s in the bulk. It is only in regions where the proximity-induced state ∆ U is heavily suppressed, such as in a vortex core, that the d-wave symmetry solutions of H J have any chance of appearing. That such d-wave states indeed nucleate in n = ±2 vortex cores will be shown below. The bulk superconducting energy gap found for finite J exceeds that of J = 0, due to the strong coupling between the two s-wave states. Thus, when comparing solutions with and without d-wave vortex core states, we can not just compare solutions with and without J, but need to also adjust U to U eff > U for J = 0, in order to regain the same bulk superconducting energy gap for the two cases.
III. RESULTS

A. Vortex order parameters
We solve H = H 0 + H U + H J self-consistently for both ∆ U and ∆ J within the Bogoliubov-de Gennes framework 24 on a finite honeycomb lattice with an imposed 4π vortex rotation for ∆ U . This generates a n = 2 vortex in the ∆ U order parameter, as seen in Figs. 1(a-b) . The amplitude of the order parameter in the core region of a n = 2 vortex decreases as |∆(r)| ∼ r 2 , in contrast to the narrower, linear decrease found for n = 1, 25, 26 and is evident in the parabolic shape of the s-wave vortex profile in Fig. 1(a) . For J > 0 we also find a finite ∆ J,s , as seen in Fig. 1(c) , with the same 4π phase winding around the core as ∆ U . This is due to the very strong coupling between the two s-wave states. Even though a finite ∆ J,d solution exists in doped graphene at T = 0, the d-wave solution can only appear when the proximity-induced swave state is heavily suppressed. In the vortex core, both s-wave order parameters necessarily go to zero to avoid multi-valueness, but instead we find finite d-wave order ′ solution the two angular momenta instead add to a total phase winding of 8π around the vortex core. The d − id ′ state is therefore zero in the center of the vortex, as seen in Fig. 1(e) . For a n = −2 vortex, the role of the two chiral d ± id ′ -wave states are naturally reversed. The spatial three-fold symmetric structure of the d ± id ′ states follow the nearest neighbor bond directions on which the order parameters are defined. The symmetry structure is akin to the fourfold pattern found for the chiral p±ip ′ states in the core of a d-wave vortex in four-fold symmetric high-temperature cuprate superconductors. In Fig. 1 the temperature was set to absolute zero. It is then perhaps not surprising that d-wave solutions appear in the vortex core, since the transition temperature T c,J for intrinsic pairing is finite at finite doping. What we are interested in is if the proximity-induced s-wave order parameter can enhance the d-wave state. Clearly, ∆ U helps the ∆ J,s state in the bulk. However, since these two states have the same orbital symmetry, they will be experimentally nearly indistinguishable, i.e. it will be essentially impossible to tell if the bulk gap is due only to the proximity effect or if it is also enhanced by a (weak) intrinsic pair potential J. For the d-wave states the situation is very different. The d-wave solutions both have a very different spatial extent, only being large in the vortex core, and they have very different physical properties due to their chiral nature.
In Fig. 2 we show the temperature dependence of the maximum amplitude of the d+id ′ core state, with crosses marking the bulk T c,J = 1% and 10% of T c,U for the two cases displayed. There is a remarkable enhancement of the d + id ′ (and d − id ′ , not shown) state far beyond its intrinsic transition temperature. Despite the, perdesign weak, intrinsic pairing, there exists a finite d + id ′ state in the vortex core up to temperatures comparable to the proximity-induced transition temperature. Since the intrinsic pairing can be assumed to be weak in graphene, with a very low T c,J , the fact that a d+id ′ state is present even far above T c,J might be of crucial importance for experimental detection.
The d + id ′ core state and its temperature dependence is due to proximity effect in a circular hole region. Starting from the Ginzburg-Landau free energy for a superconducting order parameter Ψ, and studying a normal metallic (N) circular hole region of radius R 0 inside a superconductor (S), we find
for the order parameter in the normal hole region, where ξ N is the decay length of Ψ in the normal region. Equation (4) has solutions Ψ(r) ∝ J 0 (ir/ξ N ), where J is a Bessel function of the first kind. As boundary condition we use Ψ(R 0 ) = A, with A being the value of the order parameter just inside the perimeter of the hole region. With this, we find the order parameter in the middle of the hole to be
For a vortex core in graphene we can approximate R 0 ∼ ξ S = v F /E g , with v F being the Fermi velocity and E g the superconducting energy gap. 19 Further, with the normal hole region in fact being a weak superconductor above its transition temperature T c,J , the decay length in the clean limit is
13, 28 We would thus expect the temperature dependence of the d-wave state in the vortex core to be of the form
Here C is a constant of the order 1, accounting for the vortex size in units of ξ S . Also, based on the numerical results in Fig. 2(a) we have replaced ∆ J,d (T = T c,J ) with ∆ J,d (T = 0). In Fig. 2(a) , the dashed lines are fits to Eq. (5) with C = 1.1 (black) and 1.4 (red). We thus find excellent agreement between the numerically established temperature dependence and a simple proximity effect model. Beyond the temperature dependence we also need to establish the origin of the finite d + id ′ state at zero temperature. In Fig. 2(b) we plot the maximum of the d+id ′ (and d − id ′ ) amplitude in the vortex core as a function of the amplitude of the extended s-wave state in the bulk far from the vortex. We find a direct, approximately linear, relationship between these two quantities, although the proportionality constant is dependent on the doping level. We thus conclude that the finite d + id ′ state in the vortex core is a result of a multiple-step proximity effect.
First, the external s-wave superconductor induces a uniform s-wave state in the graphene. Then this uniform s-wave state couples strongly to the intrinsic extended swave state ∆ J,s . The strong coupling between these two states is shown by the lack of temperature dependence for ∆ J,s , valid for essentially all temperatures below T c,U , as seen in Fig. 2(c) . Finally, the extended s-wave state is transformed by proximity effect into the d + id ′ state in the vortex core, with the vortex phase winding rotating into the orbital part of the Cooper pairs.
The d ± id ′ states are heavily enhanced due to the above described multiple-step proximity process, creating finite d ± id ′ core states far above the intrinsic T c,J . Figure 2(c) shows the large difference in temperature dependence between the bulk d±id ′ states and both s-wave states, which by proximity effect determine the core d±id states through Eq. (5). Large proximity effects have been observed and modeled before in so-called weak superconducting links for T > T c , [28] [29] [30] including graphene SNS junctions with d-wave superconducting contacts. 13 The present case is different in two regards. First, the circular geometry of the vortex creates an even more enhanced proximity effect. In a linear SN junction there is an exponential decay of the order parameter into the N region, whereas for a circular geometry, there is a power-law decay. Second, the vortex is created in an s-wave superconductor, whereas the proximity-enhanced core state has a d ± id-wave symmetry. The mismatch in orbital angular momentum of the Cooper pairs is compensated by different phase windings around the vortex core.
C. Quasiparticle core states
We have so far established the presence of chiral dwave core states in a doubly quantized s-wave vortex in graphene, even far above the intrinsic transition temperature for the d-wave states. Often a subdominant superconducting order parameter nucleating in the center of a vortex core gaps the low-energy vortex quasiparticles. It can thus, in principle, be detected through the lack of vortex core states, using e.g. STS. The d ± id ′ states are fully gapped superconductors in the bulk but they have gapless chiral edge modes. [31] [32] [33] Thus, while the d ± id ′ states gap the original vortex quasiparticles, they reintroduce low-energy states in the vortex core through their edge states. We therefore do not expect any characteristic signals in the energy levels of the vortex core from a finite chiral d-wave core state. However, we numerically find a notable spatial difference between the original low-energy vortex core states and the d ± id ′ edge states. For a n = 2 s-wave vortex, the lowest energy core state form a ring structure with a finite radius R core = R 0 / √ 2 ∼ ξ S , where R 0 is the vortex radius.
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A finite d ± id ′ state will push this core state to higher energies, while at the same time introducing low-energy chiral edge states. Since the d ± id ′ states reside firmly within the vortex core, we find that the edge states have a radius R edge < R core at T = 0. As T increases the d ± id ′ states become slowly weaker and the edge states start to hybridize with each other across the d ± id ′ domain, resulting in higher energies. At some temperature the radius of the lowest energy state will therefore jump from R edge to R core . The temperature behavior of the radius of the lowest energy state is displayed in Figs. 3(a-c) . The dashed lines show the radius for J = 0 (R core ), whereas solid lines show the radius for finite J, where both systems have the same bulk energy gap. We clearly see a sharp jump in the radius for the finite J system with increasing temperature, jumping from a radius defined by the d ± id ′ edge states to that of the vortex core state. This drastic change in radii happens at a temperature roughly 10 times the intrinsic T c,J , which makes for favorable experimental conditions. In Figs. 3(d,e) the d + id ′ order parameter for temperatures just before and after the radius jump is shown. There is a notable change in the order parameter profile, but the d + id ′ state still exists for the higher temperature, even though its edge state is clearly no longer the lowest energy state. The relatively small radii reported in Fig. 3 are a consequence of the strong superconducting state. For more realistic s-wave vortex cores, both R core ∼ ξ S and R edge < R core will be larger. However, we still expect a sharp jump in the radius of the lowest energy state when the gapless d ± id ′ edge states disappear from the low-energy spectrum as the temperature is increased. This spatial change in the low-energy local density of states thus produces favorable experimental conditions for discovery of the chiral d-wave superconducting state in doped graphene by STS.
IV. CONCLUSIONS
In summary we have shown that intrinsic chiral d±id ′ -wave superconducting pairing in doped graphene can be significantly strengthened in the core region of a doubly quantized s-wave superconducting vortex. For a n = 2 vortex we find a finite d + id ′ state in the center the vortex core, where the center-of-mass angular momentum of the n = 2 phase winding has been transferred into the orbital angular momentum of the Cooper pairs of the d + id ′ state. The d + id ′ state is always accompanied by a d − id ′ -wave state, which is located around the center and with a phase winding of 8π.
The appearance of d ± id ′ -wave pairing in the vortex core can be described by a mulitple-step proximity effect. When graphene is put in close contact with an external uniform s-wave superconductor, a uniform s-wave state is proximity-induced into the graphene. A uniform s-wave state couples strongly to all other possible superconducting s-wave states. If there are finite d-wave pairing correlations in a material, there is also necessarily an extended s-wave state possiblity, which do not break four-fold rotational symmetry but in general have some k-space dependence. Even though the extended s-wave symmetry is subdominant to the d-wave symmetry in the bulk, it becomes favored in a graphene-supercondcutor hybrid structure. Thus the external s-wave superconductor also induces extended s-wave pairing in doped graphene. Even when the intrinsic transition temperature for the extended s-wave order is only a fraction of the transition temperature T c,U of the proximity-induced uniform s-wave order, it survives with essentially no temperature dependence up to temperatures of the order of T c,U . In the vortex core the externally induced s-wave order is suppressed and with it the extended s-wave order. Instead, the center-of-mass angular momentum of the extended s-wave state is transferred into the orbital part of the Cooper pairs, producing a finite d + id ′ state, with an accompanied d − id ′ state. The strong coupling between the different s-wave states and the circular geometry of the vortex core give very strong d ± id ′ states in the core. We find that the amplitudes of the d ± id ′ core states have a temperature dependence [1 + (T − T c,J ) 2 ] −1 , where T c,J is the intrinsic chiral d-wave transition temperature. There are thus significant d ± id ′ core amplitudes even for temperatures many times larger than T c,J . This means that even if the T c,J is too low to be measurable in the bulk at experimentally achievable doping levels, its enhancement inside vortices offers an encouraging alternative route for discovery. Doubly quantized s-wave superconducting vortices in doped graphene therefore present a very promising avenue for an experimental discovery of chiral d-wave superconductivity in graphene.
Since a d ± id ′ superconductor has gapless edge states, we find no clear signatures in the vortex energy level structure from the d ± id ′ core states. However, we find that there is a notable difference in the spatial distribu-tion of the lowest energy vortex core state when a d ± id ′ core is present. The lowest energy state in a double quantized vortex is centered around a finite radius of the order of the superconducting coherence length. In the presence of d ± id ′ pairing this state is pushed up to higher energies, while instead an edge state of the chiral d-wave order becomes the lowest energy state. Since the d-wave order lives firmly within the vortex core, the edge state has a smaller radius than the original vortex core state. At some elevated temperature, up to 10 times the intrinsic d-wave transition temperature, the chiral d-wave order becomes too weak to support a low-energy edge state and there is a sudden jump in the radial distribution of the lowest energy state, from the edge state radius to that of the core state radius. We therefore suggest to detect chiral d-wave superconductivity in doped graphene by studying the temperature dependence of the low-energy local density of states in a doubly quantized s-wave superconducting vortex core.
